This report describes a method to formulate the dynamic equations of a robot manipulator with N links and with either revolute or prismatic joints using a NewtonEuler formulation. A general-purpose tool for analysis and design of robot manipulators and related control problems is being developed in the form of a software package DYNA-MAN using this method. At present, DYNAMAN has the capability to do the following:
This report describes a method to formulate the dynamic equations of a robot manipulator with N links and with either revolute or prismatic joints using a NewtonEuler formulation. A general-purpose tool for analysis and design of robot manipulators and related control problems is being developed in the form of a software package DYNA-MAN using this method. At present, DYNAMAN has the capability to do the following:
(1) generate dynamic models of a robot manipulator given the number of links N and the types (revolute/prismatic) of the manipulator joints; FORTRAN code for numerical simulation of the dynamic (2) generate automatically upon request the requisite model generated; (3) generate symbolically the manipulator Jacobian.
mented for operation under the Berkeley 4.2BSD Unix
The package is written in MACSYMA as impleoperating system for the Vax. This report describes in brief some of the main features of the DYNAMAN package. Detailed documentation is provided within the body of the program.
Introduction:
A careful study of the dynamics of a robot manipulator is a necessary first step in designing the controls required in order to accomplish any given manipulator task. Such a study is also essential for the mechanical design of prototype arms and design of the joints and links for proper structural stiffness.
The formulation of the dynamic equations by hand is a very tedious process, and many researchers have considered the possibility of computer-aided methods to generate these equations. These efforts have led t o a variety of simulation tools. We mention here a few such tools:
(1) NBOD -A program written exclusively in F O R T R A N
[l]
. This program is mainly used to simulate the dynamics of a multi -rigid body system, connected in the form of a tree structure [2] . Manipulateur Artticule') Written for revolute joints only, in [7] . It also can take into account elasticity and transmission losses at the joints.
PI.
Symbolic programs in general are more efficient in terms of running time in comparision with the programs utilizing numerical models. Furthermore symbolic programs have the ability to compute "sensitivity parameters" such as the influence of mass, length, or inertia of a link of the model. This would be very useful for design purposes. A symbolic tool also allows us to simulate some special nonlinear control techniques that would be difficult to t o realize using numerical methods [7] .
W e use here a Symbolic method for the generation of equations of motion for an N-link robot-manipulator.
In general the derivation of equations of motion for an N-link manipulator is done by using either a Lagrangian formulation or a Newton-Euler formulation. Here, we use a Newton-Euler approach, which is closely related to the method of nested bodies [ 8 ] , which has played a useful role in spacecraft dynamics. The formulation is implemented symbolically using VAXIMA (MACSYMA as implemented on VAX 11/785 ) in the package DYNAMAN (for DYNamics and Analysis of MANipulators). DYNAMAN automatically generates a F O R T R A N listing, for a direct numerical simulation of the dynamic equations generated. It also includes a TUTORIAL input program for feeding in the data. A HOWTORUN file exists for a novice user.
In the next section we describe the formulation of equations of motion in detail. Section 3 describes the program input/output format for DYNAMAN. Section 4 lists two examples which were used to validate our program. In section 5 we discuss our plans for future enhancements of the package. The notation used is described in Appendix A. T h e d a t a files of the two examples used for validating the software, along with a brief description of the problems, are listed in Appendix B and C respectively.
Formulation:
In this section we derive the equations of motion of an N -link manipulator using a Newton-Euler method known as the nested body approach. It is originally due to projection of Xi on the X;-lplane.
W e no68 here t h a t if joint i is revolute then the joint variable is 'ei' and if joint i is prismatic then the joint variable is 'q '.
Referring to figure(i) we define the transformation matrix A; from i'th to the (i-1) 'th co-ordinate system to be This is the "rotational part" of the change of co-ordinates.
The transformation matrix
ACBi_, from i-l'th to the inertial. co-ordinate system is given by
The vector from Oi-l t o 0 ; is given by,
If the i 'th joint is revolute then,
If the i'th joint is prismatic then,
Relative angular velocity in the inertial co-ordinate system wi is given by the following formulas 
(1) (2) Inertial velocity of the link i , ri is given by :
Inertial accleration of t h e link i , P i is given by , ..
. .. acting on nest i $ej = F P t d .
Substituting for dj LFk equation ( 4 ) and for FPtd from equation (5) we have
The angular momentum Li of link i about the origin 0, is L; = 4i . wi + m;r; X Fi .
R a t e of change of angular momentum of nest i is given by,
The total torque acting on nest
. . and for Titst" from equation (11) and simplifying, we get
where is as derived before.
W e collect together all the dynamic equations in a box :
.
We now have or F e Z t is not specified for a particular link, then the Anal equations will carry these in symbolic form.
T h e following is a brief description of the input and output options available to the user. 
Example I
The dynamic equations of a 2-link planar manipulator [lo] ( flg(iii) ) was generated. Both the joints were revolute. The dynamic equations were found to be : 8, ( 
--
The results were verifled using the results from Horn's paper [IO] and also by hand calculation. The requisite details including the data Ale are given in Appendix B .
Example I1
This example was taken from Freund's paper
[ll]. Here we have a two link manipulator ( flg(iv) ) with the flrst joint being revoluteand the second one be,ing prismatic .
The resulting dynamic equations are as below. The package was validated and tested successfully. It was also run in a SYM-BOLICS 3600 Lisp machine to test its performance in an environment with large virtual memory.
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Angular momentum of link i .
;:totar
Torques 6 Forces
Torque due to the mechanisms at joint i in the i 'th co-ordinate system (Equal to 0 if joint i is prismatic ). system to the inertial co-ordinate system
Physical Parameters mi
Mass of link i +< Inertia tensor of link i.
go
Gravity Vector in the inertial co-ordinate system.
N

Number of links.
jtyp Type of joint ( either revolute or prismatic ).
APPENDIX B Example 1 :
A planar manipulator with two equal length links and with uniform mass distribution is considered. Fig(iii) shows a schematic of the manipulator. The following symbols are used in the body of t h e d a t a Ale for example 1. 
,
APPENDIX G Example 2 :
This is a two link manipulator, consisting of a revolute joint followed by a prismatic joint ( fig(iv) ). In the d a t a file t h a t follows we have the special symbols for various mechanical variables as below: 
